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Quantum field theory successfully explains the origin of all fundamental forces except gravity due
to the renormalizability problem. In this paper, we proposed a topological scenario to understand
this puzzle. First, we proposed a 3 + 1D topological (quantum) gravity theory which is renormaliz-
able, and it can be regarded as a straightforward generalization of Edward Witten’s Chern-Simons
theory approach to 2+1D topological gravity. Then, we showed that the (vacuum) Einstein-Cartan
equation and classical space-time naturally emerge from topological (quantum) gravity via loop
condensation. The second step is a unique feature in 3 + 1D and it might even naturally explain
why our space-time is four dimensional.
Introduction – Recent discovery of gravitational wave
by LIGO[1] verifies Einstein’s theory of gravity and
brings back the old paradox between general relativity
and quantum mechanics. Naively, it has been argued
that the absolute time in quantum mechanics is intrin-
sically inconsistent with diffeomorphism invariance and
that it is impossible to construct a gravitational theory
that can be consistently quantized.
On the other hand, the modern perspective of con-
tinuum field theory based on the concept of renomaliza-
tion group(RG) suggests that any meaningful continuum
field theory must emerge as an effective theory from an
underlying RG fixed point, hence it must be a renor-
malizable quantum field theory(QFT). Indeed, the well
known standard model is controlled by a conformal field
theory(CFT) fixed point in the asymptotic freedom limit.
Therefore, the essential task of defining a quantum theory
of gravity becomes defining new types of RG fixed point
that can reproduce Einstein’s gravity in the semi-classical
limit. Recent development in ADS/CFT correspondence
conjecture provides us a novel example of defining d+1-
dimensional ADS-space quantum gravity in terms of d-
dimensional CFT[2, 3]. Nevertheless, the ADS/CFT cor-
respondence does not work in De Sitter space. Hence a
much more general physical concept and mathematical
framework of understanding quantum gravity are very
desired. The so-called loop quantum gravity(LQG) is a
very interesting attempt along this direction[4–8].
Three decades ago, Edward Witten proposed to use
Chern-Simons theory to reformulate 2 + 1D Einstein’s
gravity[9] and a consistent quantum gravity theory can
be defined (at least perturbatively)in the absence of mat-
ter fields(with or without cosmological constant term).
Although 2 + 1D gravity is somewhat trivial due to the
absence of propagating gravitational wave and vanishing
of space-time curvature, it still provides us a concrete
example of understanding quantum gravity in terms of
a topological quantum field theory(TQFT). Moreover,
according to the correspondence between Chern-Simons
theory and CFT, the ADS3/CFT2 correspondence con-
jecture can be understood in a very natural way[10].
Nevertheless, the TQFT approach can not be easily
generalized into 3 + 1D due to the following difficulties.
(a) Einstein’s gravity in 3 + 1D contains propagating
mode – the gravitational wave, therefore it is obviously
not a TQFT in the usual sense. (b) Our knowledge of
higher dimensional TQFT is very limited and there is no
Chern-Simons like action in 3 + 1D.
Thanks to the recent development of the classifica-
tion of topological phases of quantum matter in higher
dimensions[13–16], new types of TQFT have been dis-
covered in 3 + 1D to describe the so-called three-loop-
braiding statistics. In this paper, we argued that such
a TQFT is closely related to Einstein gravity. In par-
ticular, we conjectured that gravitational wave will dis-
appear at an extremely high energy scale and 3 + 1D
quantum gravity is indeed controlled by a TQFT RG
fixed point. At an intermediate energy scale, Einstein
gravity and classical space-time can emerge via loop(flux
lines) condensation. In the loop condensed phase, the
quantum fluctuation is controlled by a small parameter θ
and the theory is still power-counting renormalizable. In
the semi-classical limit, we can derive the same equation
of motion as Einstein-Cartan equation(in the absence of
matter fields). Furthermore, our theory predicts the non-
commutative geometry between spin connection ω and
curvature tensor R.
3 + 1D Topological gravity – In Edward Witten’s pio-
neer work for 2 + 1D quantum gravity, he pointed out
that the Einstein-Cartan action in 2 + 1D can be re-
garded as a Chern-Simons action
∫
Tr[A∧ (dA+A∧A)]
where A is the gauge connection of Poincare group
ISO(2, 1)(SO(3, 1) or SO(2, 2) for nonzero cosmological
constant case). However, he further argued that since
there is no
∫
Tr[A ∧ A ∧ (dA + A ∧ A)] type topologi-
cal quantum field theory(TQFT) in 3 + 1D, the corre-
sponding Einstein-Cartan action can not be regarded as
a TQFT and in fact it is even not a well defined renor-
malizable QFT. The tremendous efforts on super gravity
theory[11, 12] and ADS/CFT correspondence conjecture
all aim to developed a well defined QFT description for
gravity.(We hesitate to mention super string theory here
since its relevant part to physics still relies on super grav-
ity and ADS/CFT correspondence.)
2Instead of using super symmetry(SUSY) and
ADS/CFT correspondence to define and understand
quantum gravity, here we attempt to consider the
problem from a different angle. We would like to ask:
Is there any TQFT in 3 + 1D that is closely related to
the Einstein gravity, e.g., can we realize Einstein gravity
through a proper phase transition from a TQFT? There
are several advantages in TQFT approach to quantum
gravity, as having already been demonstrated in the
2 + 1D case. First, it is manifested renormalizable and
super symmetry is not necessary. Second, it can handle
general cases with or without cosmological constant.
Surprisingly, recent development in condensed matter
physics indicates that
∫
Tr[A∧A∧(dA+A∧A)]+
∫
Tr(B∧
F ) type actions[17–19] do exist and might serve as the
most general 3 + 1D TQFT that describes nontrivial
three-loop-braiding statistics[20, 21]. For discrete gauge
group, they are known as Dijkgraaf-Witten theories[22].
Now let us generalize the above action into Poincare
group and define the following topological gauge theory:
STop =
1
2
∫
ǫabcde
a
∧ eb ∧Rcd +
∫
Bab ∧R
ab +
∫
B˜a ∧ T
a
=
1
4
∫
d4xǫµνρσǫabcdeµ
aeν
bRρσ
cd +
1
4
∫
d4xǫµνρσBµνabRρσ
ab +
1
4
∫
d4xǫµνρσB˜µνaTρσ
a (1)
Here B, B˜ are 2-form gauge fields which were first intro-
duced in usual topological BF theory[23–25], and R, T
are the usual curvature and torsion tensors:
Rρσ
cd = ∂ρωσ
cd
− ∂σωρ
cd + ωρ
ceωσe
d
− ωσ
ceωρe
d,
Tµν
a = ∂µeν
a
− ∂νeµ
a + ωµ
abeνb − ων
abeµb (2)
The first term in the above action is the usual Einstein-
Cartan action. It is easy to verify that such a topological
action is invariant under local Lorentz symmetry trans-
formation. Interestingly, the total action is actually in-
variant under the whole local Poincare symmetry trans-
formation, if we properly define the gauge transformation
of translational symmetry for 2-form gauge fields:
eµ
a
→ eµ
a +Dµf
a
≡ eµ
a + ∂µf
a + ωµ
abfb
B˜µνa → B˜µνa − ǫabcdf
bRµν
cd
Bµνab → Bµνab −
1
2
(B˜µνafb − B˜µνbfa) (3)
We note that the usual first order Einstein-Cartan action
is not invariant under the above gauge transformation,
and that’s why it is not a well defined TQFT in 3 +
1D. In addition, we can also define the following gauge
transformation for 2-form gauge fields B˜µνa and Bµνab:
B˜µνa → B˜µνa + ∂µξ˜νa − ∂ν ξ˜µa + ωµa
bξ˜νb − ωνa
bξ˜µb
Bµνab → Bµνab −
1
2
[(ξ˜µaeνb − ξ˜νaeµb)− (ξ˜µbeνa − ξ˜νbeµa)]
and
Bµνab → Bµνab +Dµξνab −Dνξµab
where the covariant derivative Dµ is defined as:
Dµξνab ≡ ∂µξνab + ωµa
cξνcb + ωµb
cξνac (4)
Therefore the above action can be regarded as the
3 + 1D generalization of 2 + 1D topological gravity. Ap-
parently, the beta function vanishes for STop and it is
renormalizable. The argument is exactly the same as the
2+1D case, where the counterterms, if any, are integrals
of local gauge invariant functional and can not renormal-
ize the above action. Another straightforward argument
is that for compact gauge groups, all the terms in the
above actions are actually quantized and the beta func-
tion must vanish[17]. Similar to the 2+1D case, e, ω are
dimension one operators while B is dimension two opera-
tor. Finally, the equation of motion implies the vanishing
of curvature and torsion tensors.
Rab = 0, T a = 0, ∇B˜a = −ǫabcde
b
∧Rcd = 0,
∇Bab +
1
2
(B˜a ∧ eb − B˜b ∧ ea) = −ǫabcdT
c
∧ ed = 0
Quantization of topological gravity – Before discussing
the possible connection with 3 + 1D Einstein gravity,
let us proceed the standard canonical quantization for
the above topological gravity and explain its underlying
physics. The Lagrangian density reads:
LTop = Π
i
ab∂0ωi
ab + πia∂0ei
a +
1
2
ǫijkB0iabRjk
ab
+
1
2
ǫijkB˜0iaTjk
a + e0
a(∇iπ
i
a +
1
2
ǫijkǫabcdei
bRjk
cd)
+ω0
ab
[
∇iΠ
i
ab +
1
2
(πiaei
b
− πibei
a)
]
(5)
where the canonical momentums of ωi
ab and ei
a are
defined as Πiab =
1
2
ǫijkǫabcdej
cek
d + 1
2
ǫijkBjkab and
3πia =
1
2
ǫijkB˜jka. Canonical quantization requires:
[ωj
cd(y),Πiab(x)] = iδ
i
jδ
cd
abδ(x− y),
[ej
b(y), πia(x)] = iδ
i
jδ
b
aδ(x− y)
all other commutators = 0 (6)
with the following flat-connection constraints:
1
2
ǫijkRjk
ab = 0,
1
2
ǫijkTjk
a = 0
∇iπ
i
a = −
1
2
ǫijkǫabcdei
bRjk
cd = 0
∇iΠ
i
ab +
1
2
(πiaei
b
− πibei
a) = 0 (7)
Similar to the 2 + 1D topological gravity, the phase-
space to be quantized is exactly the solutions of above
constraints divided by the group of gauge transforma-
tions generated by the constraints. The quantum Hilbert
space is the flat connections of Poincare group modulo
gauge transformations.(If we regard e and ω as coordi-
nates while π and Π as momentums.)Of course, in order
to define an ultraviolet(UV) complete theory, it is much
better to use the algebraic framework of tensor 2-category
theory[26, 27](It is well known that the 2 + 1D Chern-
Simons theory can be described by the algebraic tensor
category theory.)
In fact, the above constraints are exactly the same as
the usual BF theory of Poincare group, and the subtle
difference only arises from the definition of physical ob-
servable corresponding to loop like excitation, namely,
the Wilson surface operator. Let us rewrite the commu-
tation relations in terms of B, B˜, e, ω:
[ωi
ab(x), Bjkcd(y)] = iǫijkδ
ab
cdδ(x− y),
[ei
a(x), B˜jkb(y)] = iǫijkδ
a
b δ(x − y),
[Bijab(x), B˜klc(y)] = iǫabcd(ei
dǫjkl − ej
dǫikl)δ(x − y),
all other commutators = 0. (8)
In recent works, it has been pointed out that such mod-
ified commutation relations actually imply the nontrivial
three-loop-braiding[17–19] statistics among flux lines of
gauge fields, which makes it different from the usual BF
theory of Poincare group with trivial three-loop-braiding
statistics.
Loop condensation and the emergence of Einstein grav-
ity – To this point, one may wonder why we are interested
in the 3 + 1D topological gravity theory which is some-
what trivial. Here we conjecture that quantum gravity
is actually controlled by a topological gravity fixed point
and the classical space-time vanishes at extremely high
energy scale. Therefore it is quite natural to expect the
vanishing of curvature and torsion at that scale. Mathe-
matically, 3 + 1D TQFT can be described and classified
by tensor 2-category theory and a possible way to gen-
erate interesting dynamics is condensing loops(flux lines
in the context of topological gauge theory). If we further
assume that the condensed loop carries a nontrivial link-
ing Berry phase[28–30], a
∫
Tr(B ∧B) type term can be
induced. Let us consider the following term:
Sθ = −
θ
2
∫
Bab ∧B
ab (9)
This term breaks the 2-form gauge symmetry as well as
the translational gauge symmetry explicitly. A micro-
scopic derivation of the above term from loop condensa-
tion is beyond the scope of this paper. Here we just in-
troduce such a term phenomenologically to describe low
energy dynamics and ignore all the microscopic details
of loop dynamics, which is the analog of using massive
gauge boson to describe Abelian Higgs phase and consid-
ering the infinite massive limit for Higgs boson. (More
precisely, one can assume that the total action S is con-
sisting of two terms STop and SLoop at UV scale. SLoop
describes the dynamics of closed loop and it can be ap-
proximated by Sθ in the loop condensed phase after tak-
ing the infinite massive limit for loop.) Remarkably, for
small θ, the total action S = STop + Sθ is still power-
counting renormalizable since Sθ only contains dimension
four operators. A detailed calculation of beta functions
will be presented elsewhere.
The classical equation of motion for the total action S
reads:
Bab =
1
θ
Rab, T a = 0, ǫabcde
b
∧Rcd = −∇B˜a,
ǫabcdT
c
∧ ed +
1
2
(B˜a ∧ eb − B˜b ∧ ea) = −∇Bab (10)
Insert the first two equations into the last equation, we
have:
1
2
(B˜a ∧ eb − B˜b ∧ ea) = −
1
θ
∇Rab = 0 (11)
The above equation can be rewritten in a compact form
as ǫabcdB˜a ∧ eb = 0, which further implies B˜
a = 0. Thus,
we eventually derive the vacuum Einstein-Cartan equa-
tion:
ǫabcde
b
∧Rcd = 0. (12)
Einstein gravity as a non-commutative geometry –
Now let us proceed the canonical quantization for the
total action S. The total Lagrangian density reads:
4L = Πiab∂0ωi
ab + πia∂0ei
a +
1
2
ǫijkB0iab(Rjk
ab
− θBjk
ab)
+
1
2
ǫijkB˜0iaTjk
a + e0
a(∇iπ
i
a +
1
2
ǫijkǫabcdei
bRjk
cd) + ω0
ab
[
∇iΠ
i
ab +
1
2
(πiaei
b
− πibei
a)
]
(13)
where the canonical momentum Πiab, π
i
a have the same
definition as in 3+1D topological gravity. By integrating
out B0iab and B˜0ia, we derive the following constraints:
Bij
ab =
1
θ
Rij
ab, Tij
a = 0 (14)
We note that the torsion free condition arises as a quan-
tum constraint instead of equation of motion here. This
feature is very different from the usual Einstein-Cartan
theory. The canonical quantization conditions Eq.(8) im-
ply the following noncommutative geometry:
[ωi
ab(x), Rjkcd(y)] = iθǫijkδ
ab
cdδ(x − y), (15)
[ei
a(x), B˜jkb(y)] = iǫijkδ
a
b δ(x− y),
[Rijab(x), B˜klc(y)] = iθǫabcd(ei
dǫjkl − ej
dǫikl)δ(x− y),
In the semi-classical limit with, both R and e fields have
weak quantum fluctuations while ω and B˜ fields have
strong quantum fluctuations. A very interesting obser-
vation is that the small parameter θ enter the commuta-
tion relation and it will be very interesting to understand
the relationship between θ and planck constant ~ in our
future work.
To this end, we see that the nature of quantum grav-
ity is the emergence of non-commutative geometry via
loop condensation from an underlying topological grav-
ity theory. We stress that STop with vanishing R and T
describes the absolute vacuum of our universe in the ab-
sence of classical space time, and it might provide a new
route towards resolving the black hole singularity as well
as the big bang singularity.
Cosmological constant term – Our construction for
topological gravity action in 3 + 1D can be easily gen-
eralized into the case with cosmological constant term:
S′Top = STop +
Λ
4!
∫
ǫabcde
a
∧ eb ∧ ec ∧ ed
= STop +
Λ
4!
∫
d4xǫµνρσǫabcde
a
µe
b
νe
c
ρe
d
σ (16)
We only need to properly redefine the gauge transforma-
tion of translational symmetry:
eµ
a
→ eµ
a +Dµf
a
≡ eµ
a + ∂µf
a + ωµ
abfb
B˜µνa → B˜µνa − ǫabcdf
bRµν
cd
−
Λ
2
ǫabcd(e
b
µe
c
ν − e
b
νe
c
µ)f
d
Bµνab → Bµνab −
1
2
(B˜µνafb − B˜µνbfa) (17)
Similar to the case without cosmological constant term,
loop condensation will lead to Einstein-Cartan action
with cosmological constant term, and the whole theory
remains to be power-counting renormalizable.
Super symmetric generalization – Finally, let us discuss
the SUSY generalization of 3 + 1D topological gravity.
Similar to the 2 + 1D topological gravity theory, we just
need to introduce the gauge connection of super Poincare
group and write the action as
∫
sT r[A ∧ A ∧ (dA + A ∧
A)] +
∫
sT r(B ∧ F ). For example, for the N = 1 case,
we can just express A, B and F as:
Aµ ≡
1
2
ωabµ Mab + e
a
µPa + ψ¯µαQ
α
Bµν ≡
1
2
Bµν
abMab + B˜
a
µνPa +BµναQ
α
Fµν ≡
1
2
Rµν
abMab + T
a
µνPa + R¯µναQ
α (18)
Here R¯µνα is the super curvature tensor defined as
R¯µνα = Dµψ¯να − Dνψ¯µα where Dµ is the covari-
ant derivative for spinon fields. However, as fermionic
loops(flux lines) can not be condensed, super symmetry
breaking already happens at very high energy scale when
bosonic loops condense and classical space-time emerges.
Thus, the super curvature R¯µνα always vanishes and the
semiclassical limit of 3+1D quantum gravity can still be
described by S at low energy. However, the SUSY gen-
eralization might provide us a natural way to extend the
our model to include fermionic matter fields.
Topological gravity in arbitrary dimensions and the
emergence of 3 + 1D space-time – Before conclusion, let
us generalize topological gravity theory into arbitrary di-
mensions with the following gauge invariant action:
STop =
1
n− 2
∫
ǫaba3...anR
ab
∧ ea3 ∧ · · · ∧ ean
+
∫
Cab ∧R
ab +
∫
C˜a ∧ T
a (19)
where C and C˜ are n − 2 forms. Interestingly, we see
that it is only possible to introduce
∫
C ∧ C type term
for four dimensional space-time. Thus, we may start
with a model describing topological gravity in all di-
mensions(e.g. topological nonlinear sigma model of the
Poincare group classifying space) and condense the loop,
only the four dimensional vielbein field admits a semi-
classical limit that defines the classical space-time!
5Conclusions and discussions – In conclusion, we pro-
pose a topological paradigm to understand 3+ 1D quan-
tum gravity. In particular, we generalize Edward Wit-
ten’s 2 + 1D topological gravity theory into arbitrary di-
mensions. In 3 + 1D, by condensing loops(flux lines),
we find a semi-classical limit where the Einstein-Cartan
equation emerges.(In the absence of matter fields.) Our
approach can be generalized into the case with cosmo-
logical constant term. In fact, it is well known that
starting from a topological BF theory of gauge group
G with action Stop =
∫
Tr(B ∧F ), condensing the loops
by introducing a mass term Sg = g
∫
d4xTr(B2)(we con-
sider flat space-time background here for simplicity) is
another way to derive a gauge theory with a Maxwell
term 1
g
∫
d4xTr(F 2)(by integrating out the B fields and
regarding g as the coupling constant). Thus, we argue
that the concept of condensing loops from a topological
gauge theory(which can be rigorously defined as topo-
logical nonlinear sigma model in classifying space of the
corresponding gauge group[22]) might provide us a uni-
fied description for both gauge theory and gravity.
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